Abstract. We define the Gabor wave front set W F G (u) of a tempered distribution u in terms of rapid decay of its Gabor coefficients in a conic subset of the phase space. We show the inclusion
Introduction
Gabor frames are the appropriate tools for many problems in timefrequency analysis, with applications in signal processing and related issues in function space theory and numerical analysis, see for example [6, 12-14, 16, 18, 23, 34, 36] . Recent applications of Gabor frames concern also the analysis of partial differential equations and pseudodifferential equations, [2-4, 7-9, 17, 30-32, 37, 38] . In the context of the modern theory of linear partial differential operators, a basic ingredient is the wave front set of a function, or distribution, as defined originally in [20] , the classical wave front set let us say, and modified subsequentially in different forms, each adapted to the class of equations under investigation. A natural question is how we may see wave front sets in terms of Gabor frames, or the short-term Fourier transform. In this direction let us mention [24, 27, 28] , recapturing the classical wave front set as the limit of sequences of wave front sets with respect to modulation spaces.
Here we present a different notion, even more natural in the context of time-frequency analysis, which we dub the Gabor wave front set. Denote translation by T x f (y) = f (y − x), modulation by M ξ f (y) = e i y,ξ f (y), x, y, ξ ∈ R d , and phase-space shifts by Π(z) = M ξ T x , z = (x, ξ) ∈ R 2d . Consider for real parameters α, β > 0 the lattice Λ = αZ
. Fix a window function ϕ = 0 in the Schwartz space S (R d ) and consider the Gabor system {Π(λ)ϕ} λ∈Λ , which is a frame if α and β are assumed to be sufficiently small. We then turn attention to the Gabor coefficients, defined for any tempered distribution u ∈ S ′ (R d ):
(0.1) c λ = (u, Π(λ)ϕ), λ ∈ Λ.
For u ∈ S ′ (R d ) we define the Gabor wave front set W F G (u) as a conic subset of R 2d \ {(0, 0)} in the following way: (0. 2) We say that 0 = z 0 = (x 0 , ξ 0 ) / ∈ W F G (u) Let us emphasize that cones are taken here with respect to the whole of the phase space variables z = (x, ξ), i.e. z ∈ Γ ⊆ R 2d \ {(0, 0)} implies tz ∈ Γ for any t > 0. So in (0.2) we assign a symmetrical role to translations and modulations, by imposing a uniform rapid decay of the Gabor coefficients c λ for all the points of the lattice Λ belonging to Γ.
It can be deduced from (0.2) the invariance under phase-space shifts:
(0.3) W F G (Π(z)u) = W F G (u) for every z ∈ R 2d .
More generally we shall prove that if a symbol of a pseudodifferential operator a belongs to the class S 0 0,0 , i.e. sup z∈R 2d |∂ γ z a(z)| is finite for all multiindices γ ∈ N 2d , then
where a w (x, D) is the Weyl quantization of a. The properties (0.3), (0.4) are coherent with the time-frequency approach, but they may certainly look striking, since, as is well known, the classical wave front set is not invariant under translations, and the inclusion (0.4) may fail for it when a ∈ S 0 0,0 . We observe that the Gabor wave front set exists already, under a completely different guise. In fact, in [22] Hörmander introduced a global wave front set for distributions u ∈ S ′ (R d ), addressed to the study of quadratic hyperbolic operators. A similar notion was used in [25] in the study of propagation of micro-singularities for Schrödinger equations.
With respect to the well known classical wave front set (cf. [20, 21] ), the definition of the global wave front set in [22] has been, unfortunately, almost ignored in the literature, whereas it will represent indeed the starting point of our discussion. So, in the next Section 1, devoted to preliminaries, we present as a service to the reader a largely self-contained account of certain parts of [22] , rededucing some results. In Section 2, as an intermediate step between the Gabor wave front set and the global wave front set of [22] , we shall prove that W F G (u) can be equivalently defined in a continuous setting by the short-time Fourier transform, i.e. by allowing λ in (0.2) to belong to R 2d . The identity between the global wave front set and the Gabor wave front set will be finally proved in Section 3. Our arguments will show that the estimates (0.2) do not depend on the choice of the nonzero Schwartz window function ϕ as long as ϕ and Λ generate a frame. Combining with the results in [16, 17, 19, 31, 32] , we shall also prepare the necessary tools to prove in Section 4 the inclusion for a ∈ S 0 0,0 and u
strengthening (0.4). Such inclusions remained outside the results for the global wave front set in [22] , since attention was limited there to the particular case of the Shubin symbols (cf. [33] ). In some sense (0.5) shows now that also the "bad" symbol class S 0 0,0 can be micro-localized by means of time-frequency methods, if the appropriate definition of wave front set is chosen.
Section 5 is devoted to examples, in which we compare W F G (u) with the classical wave front set and the S -wave front set of [11] . Though we do not give applications of (0.5) in the present paper, we hope, on the one hand, that the Gabor wave front set will be of some use in Signal Theory. On the other hand, applications are possible in the study of propagation of micro-singularities for Schrödinger equations:
In particular when the real-valued Hamiltonian p(z), z = (x, ξ), in (0.6) belongs to the class S 2 0,0 , i.e. ∂ γ z p ∈ S 0 0,0 for |γ| = 2, the Schrödinger propagator is a Fourier integral operator of the type considered in [1] (see [5, 35] ). We may then expect to combine our definition of W F G (u) with the results of [8] [9] [10] , analyzing such Fourier integral operators in the context of Gabor frames.
Preliminaries
The transpose of a matrix A is denoted A t , and the inverse transpose
The overline A denotes either the closure of a measurable set A ⊆ R d , or as in f the complex conjugate of a function f on R d , the choice being clear from the context. The Fourier transform of f ∈ S (R d ) (the Schwartz space) is defined by
where x, ξ denotes the inner product on R d . The standard multiindex notation for partial differential operators is used, and D = (D 1 , . . . , D d ) where D j = −i∂/∂x j . As in the Introduction we denote translation by T x f (y) = f (y − x), modulation by M ξ f (y) = e i y,ξ f (y), x, y, ξ ∈ R d , and phase space translation by
We abbreviate W (f, f ) = W (f ) and denote
provided there exists C > 0 such that f (x) ≤ Cg(x) for all x in the domain of f and g. If f g and g f then we use f ≍ g. For s ∈ R, the weighted Lebesgue space Given a window function ϕ ∈ S (R d ) \ {0}, the short-time Fourier transform (STFT) is defined by
where (·, ·) denotes the conjugate linear action of S ′ on S , consistent with the inner product (·, ·) L 2 which is conjugate linear in the second argument. The function z → V ϕ f (z) is smooth and bounded by C z
This means that V *
We need a discrete version of the STFT inversion formula based on the notion of Gabor frame [16] , outlined as follows. As in the Introduction, define for real parameters α, β > 0 such that αβ ≤ 2π the lattice
The Gabor frame operator
where the sum converges unconditionally in L 2 . Let ϕ ∈ S (R d ) \ {0} and let α, β > 0 be sufficiently small so that {Π(λ)ϕ} λ∈Λ is a Gabor frame for
as proved by Janssen [23] .
By results of Feichtinger, Gröchenig and Leinert [14, 18] , Gabor frame theory extends to weighted modulation spaces, introduced by Feichtinger [13] , as follows. Let w ∈ L ∞ loc (R 2d ) be a positive weight function, moderate in the sense of
if p, q < ∞, and modified as usual if
It is a Banach space. Different windows in S (R d ) \ {0} yield equivalent norms and we have the embeddings
, with unconditional convergence in the norm · M p,q w for p, q < ∞, and the weak unconditional convergence
Moreover we have the norm equivalence
for p, q < ∞, and conventionally modified otherwise.
The final fact concerning modulation spaces that we need is the expression of S ′ as a union of weighted modulation spaces. If v s (z) = z s for s ∈ R and z ∈ R 2d then (1.5)
For a richer background on Gabor frames and modulation spaces we refer to Gröchenig's book [16] . Next we define the notion of conical support of a function, or distribution, on R n .
It follows that conesupp(a) is a closed subset of R n \ {0}. In the sequel n = 2d.
For pseudodifferential operators we work with symbols in either the Shubin classes G m [33] , or the Hörmander classes S m ρ,δ with the restriction ρ = δ = 0 [15, 21] . First we discuss the Shubin classes.
is satisfied for every (x, ξ) ∈ R 2d . G m is a Fréchet space with respect to the seminorms defined by
We have m∈R G m = S (R 2d ) and we denote G ∞ = m∈R G m . Let (a j ) j≥0 be a sequence of symbols such that a j ∈ G m j and m j → −∞ as j → +∞, and set m = max j≥0 m j . Then there exists a symbol a ∈ G m , unique modulo S (R 2d ), such that
. This is called an asymptotic expansion and denoted a ∼ j≥0 a j . The Weyl quantization is the map from symbols to operators defined by
The latter conditions can be relaxed in various ways. In particular, if
, and extending by duality it follows that a [33] . By the Schwartz kernel theorem, any continuous linear operator
can be written as a Weyl quantization for a unique symbol a ∈ S ′ (R 2d ). The Weyl quantization can be expressed in terms of the cross-Wigner distribution as
The Weyl product # is the product on symbol pairs corresponding to operator composition:
The Weyl product is a bilinear continuous map
We have the following asymptotic expansion for the Weyl product of a ∈ G m and b ∈ G n , m, n ∈ R (cf. [33, Theorem 23.6 and Problem 23.2]):
We also need to consider the Kohn-Nirenberg quantization, defined by
Since any continuous linear operator
, a bijective mapping from the Kohn-Nirenberg symbol to the Weyl symbol, denoted T , can be defined for such operators. This means that 
Next we introduce the Hörmander symbol classes.
is satisfied for every (x, ξ) ∈ R 2d . S m ρ,δ is a Fréchet space with respect to the seminorms defined by
We will restrict to the special case Hörmander [22] introduced the following concepts in order to define a global type of wave front set as a conic subset of the phase space.
Remark 1.5. As in [22] , the condition (1.15) could be replaced by the apparently less restrictive condition
, and A, ε > 0. In fact, assuming (1.16) for z 0 = 0, set for 0 < r < |z 0 |/2
By the mean value theorem and the estimates (1.6) there exists C > 0 that depends on m, z 0 , A 1 but not on r such that, for t ≥ A 1 and
and thus we have, using (1.16), for t ≥ A 1 and |z − tz 0 | < rt,
for |z| ≥ A, where A, ε > 0, provided r is chosen sufficiently small.
For a ∈ G m we denote the characteristic set of a by char(a) and define it as the set of all (
The definition of the global wave front set, which we shall simply denote by W F (u) in the sequel, is as follows.
For the benefit of non-expert readers, we recall from [22] the basic properties of W F (u), rededucing some results. The set W F (u) is closed and conic in T
if and only if there exists m ∈ R and a ∈ G m such that a w (x, D)u ∈ S and (x, ξ) / ∈ char(a). According to the following result such a symbol a ∈ G m can be assumed to satisfy a ∈ G 0 , 0 ≤ a ≤ 1, and a(z) = 1 for z ∈ Γ and |z| ≥ 1, where
, and ε, A > 0, such that (1.15) holds and a w (x, D)u ∈ S . The asymptotic expansion (1.9) gives a#a = |a| 2 + a ′ where a ′ ∈ G 2m−2 , and the assumption a
We have for z ∈ Γ and |z| ≥ A, for some C > 0,
provided A 1 > 0 sufficiently large. It follows from this argument that we may assume
, and where ψ ∈ C ∞ (R 2d ) is a cutoff function with 0 ≤ ψ ≤ 1, ψ(z) = 0 for |z| ≤ 1/2 and ψ(z) = 1 for |z| ≥ 1. This standard construction gives
and |z| ≥ 1. Set
For z / ∈ Γ we have |b 0 (z)| = ε z m , whereas for z ∈ Γ and |z| ≥ A we have, for some C > 0, 
Hence by (1.9) we have b#c#(b 0 − a) ∈ S (R 2d ). Taking into account b#r ∈ S (R 2d ) and a w (x, D)u ∈ S , we obtain finally 
The symplectic group Sp(d, R) consists of all matrices A ∈ GL(2d, R) that satisfy σ(Az, Az
where the symplectic form σ :
, determined up to a complex factor of modulus one, such that
(cf. [15, 21] ). U χ is an homeomorphism on S and on S ′ . According to [22, Proposition 2.2] the global wave front set is symplectically invariant as follows for u ∈ S ′ (R d ).
(
Finally we shall recall and prove some inclusions for the action of pseudodifferential operators with symbols in the Shubin classes G ∞ on the global wave front set in terms of the conic support and the characteristic set.
Proof. The first inclusion in (1.19) is identical to [22, Proposition 2.5] , and the second inclusion is trivial, so it suffices to prove the third inclusion. Suppose that 0 = z 0 / ∈ W F (a w (x, D)u) and z 0 / ∈ char(a). By Definition 1.4 and Proposition 1.7 there exists b ∈ G 0 and an open conic
for some ε, A > 0. The asymptotic expansion (1.9) gives b#a = ba + c where c ∈ G m−2 . Therefore we have, provided z ∈ Γ and |z| ≥ A, for some C > 0
By possibly augmenting A it follows that z 0 / ∈ char(b#a). Thus z 0 / ∈ W F (u), which means that we have proved the third inclusion in (1.19) .
The following result is [22, Proposition 2.4].
Proof. If W F (u) = ∅ then by Proposition 1.11 a w (x, D)u ∈ S for any a ∈ G ∞ , in particular a = 1 which gives u ∈ S . On the other hand, if
Since we may choose a such that z / ∈ char(a) for any given z ∈ T * (R d ) \ {(0, 0)}, it follows that W F (u) = ∅.
Rapid decay of the short-time Fourier transform in a cone
In this section we first introduce a new global wave front set, defined in terms of rapid decay of the STFT in conical sets, and denoted by W F ′ (u).
The main goal of this section is to show some invariance and preparatory results. These will serve on the one hand to give a quick proof of the identity W F ′ (u) = W F (u) for u ∈ S ′ (R d ) in Section 3, and on the other hand for the main result in Section 4, which concerns the first inclusion of Proposition 1.9 for symbols a ∈ S 0 0,0 . We also show that the rapid decay in a conic set in Definition 2.1 may be relaxed to discrete rapid decay in a conic set intersected with a lattice that generates a Gabor frame, i.e. we prove W F ′ (u) = W F G (u).
Proposition 2.2. Let f be a measurable function that satisfies
for some M ≥ 0, suppose x 0 ∈ R d \ {0}, and suppose there exists an open conic set Γ ⊆ R d \ {0} containing x 0 such that
then for any open conic set
Proof. Let ε > 0. We estimate and split the convolution integral as
Consider I 1 . Since y ≤ ε x we have x − y ∈ Γ if x ∈ Γ ′ , |x| ≥ 1, and ε is chosen sufficiently small. Let N ≥ 0 be arbitrary. The assumptions (2.2) and (2.3) give (2.5)
Next we estimate I 2 using (2.1):
(2.6)
again using (2.3). A combination of (2.5) and (2.6) proves (2.4).
The following corollary says that the condition of rapid decay of the STFT in an open cone in the phase space, containing a given nonzero vector, does not depend on the window function taken in S \ {0}.
Then for any open conic set 
and by [16, Theorem 11.2.3] we have for some M ≥ 0
the result follows from Proposition 2.2.
By Corollary 2.3, W F ′ (u) does not depend on the window function ϕ ∈ S \ {0}.
We now restate the definition (0.2) of the Gabor wave front set W F G (u), given in the Introduction. Here we require rapid decay not in a conic open set containing a given phase space direction z 0 , but instead rapid decay only in such a conic set intersected with a lattice that together with the window function generates a Gabor frame.
where α, β > 0 are sufficiently small to ensure that {Π(λ)ϕ} λ∈Λ is a Gabor frame for
The following result shows that the wave front sets in Definition 2.1 and Definition 2.4 are equal.
Proof. The inclusion W F G (u) ⊆ W F ′ (u) is trivial, so we need only prove
By (1.5) and (1.4) we have
where ϕ = S −1 ϕ ∈ S . If we define
and therefore |λ − z| ≥ ε|λ| holds when 0 = λ ∈ Λ \ Γ and z ∈ Γ ′ . Since V ϕ ϕ ∈ S (R 2d ) and
for some M ≥ 0, this gives for N ≥ 0 arbitrary and
Since we have already proved V ϕ u 1 ∈ S (R 2d ), it follows that
i.e. z 0 / ∈ W F ′ (u), which concludes the proof of (2.8).
A combination of Theorem 2.5 with Corollary 2.3 shows that W F G (u) does not depend on the pair (ϕ, Λ) of window function in S \ {0} and lattice defined by α, β > 0 as long as these generate a Gabor frame for
We proceed with the preparatory results in order to show W F 
Direct computations (see for example [26, pp. 58-59] ) show that we may express the kernel K by the integral (2.12)
Proposition 2.6. Let a ∈ S 0 0,0 and let K ∈ C ∞ (R 4d ) be defined by (2.12). For every integer N ≥ 0 we have
} is open and conic and R > 0, then for every open conic set
Remark 2.7. The estimates (2.13), which we shall recapture in the subsequent proof, are actually well known, see for example [17] , [26, pp. 58-59] , [30] .
Proof. By a linear change of variables in (2.12) we obtain
Writing for any N, M ∈ N e i( x,η−η ′ +ξ + ξ,y ′ −y )
and integrating by parts we have (2.15)
For a ∈ S m 0,0 and N, M ∈ N arbitrary we have the estimates
and picking k > d + 2M + |m|, the estimate (2.17)
is now easily proved by substitution of (2.16) into (2.15). At this point (2.13) follows inserting m = 0 and M = N. Next we prove (2.14) under the assumptions m ∈ R, a ∈ S
} is open and conic, R > 0, and
We continue from (2.15) and (2.16) using the support properties of a. Thus for N, M ∈ N arbitrary we have (2.18)
where k ≥ 0 is arbitrary, and
We want to estimate |K(y ′ , η ′ ; y, η)| for (y ′ , η ′ ) ∈ Γ ′ and (y, η) ∈ R 2d . There exists ε > 0 that does not depend on x, ξ, y
which gives
If we pick M ≥ 8N + 2|m| then −M + |m| ≤ −2N and −M/2 ≤ −M/2 + |m| ≤ −4N, which finally proves (2.14), since the estimate (2.14) for |(y ′ , η ′ )| ≤ 2R follows from (2.17).
Proof. Suppose 0 = z 0 / ∈ conesupp(a). This means that there exists an open conic set Γ ⊆ T
The assumptions of the second part of Proposition 2.6 are satisfied. Hence for any open
and Γ ′ ∩ S 2d−1 ⊆ Γ we have from (2.11) and (2.14), for any integer N ≥ 0, (2.20)
Using the fact that |V ϕ u(y, η)| (y, η) k for some k ≥ 0 and for all (y, η) ∈ R 2d , it follows from (2.20) with N sufficiently large 
Integration by parts and e −2i y,η = y
Provided N > (|m| + d)/2 we have by dominated convergence (2.21)
where
As in the proof of Proposition 2.6 we have
for some ε > 0 that does not depend on x, ξ, y, η. Inserted into (2.21) this gives, for any M ≥ 0 and
ϕ , where ϕ ∈ S and ϕ L 2 = 1, as K = K 1 + K 2 where K 1 corresponds to a 1 and K 2 corresponds to a 2 . From (2.12) and a 2 ∈ S (R 2d ) it follows that K 2 ∈ S (R 4d ). It now follows that we may replace a(x, D) with a w (x, D) in Proposition 2.6. More precisely we replace K defined by (2.12) by the kernel of the operator (2.10) with a(x, D) replaced by a w (x, D). Also Corollary 2.8 holds for the Weyl quantization, in the sense that
we have a ∈ S m 0,0 , and as above we have a = a 1 + a 2 where a 2 ∈ S (R 2d ) and z 0 / ∈ conesupp(a 1 ). It now follows from Corollary 2.8 that
We finish this section with a small observation which is another corollary of Proposition 2.6. For the Schwartz kernel H ∈ S ′ (R 2d ) of a pseudodifferential operator a(x, D) (or a w (x, D)) with symbol in a ∈ S 0 0,0 , the corollary shows that the wave front set W F ′ (H) ⊆ T * (R 2d )\{(0, 0)} is contained in the union of (∆ × R 2d ) \ {0} and (R 2d × ∆ ′ ) \ {0}, where ∆ and ∆ ′ denote the diagonal and antidiagonal in R d ×R d , respectively:
This is rather analogous to the classical wave front set of the Schwartz kernel of a pseudodifferential operator with symbol in S m ρ,δ with 0 < ρ ≤ 1 and 0 ≤ δ < 1, which is contained in the conormal bundle of the diagonal in
, where Φ = ϕ ⊗ ϕ and T U(z 1 , z 2 ; w 1 , w 2 ) = U(z 1 , w 1 ; z 2 , −w 2 ), we may conclude
From Proposition 2.6 it now follows that we have for any N ≥ 0
defined by a sufficiently large constant C > 0. From
3. Equality of W F (u) and W F ′ (u)
Hörmander [22, Proposition 6.8] proved the equality
when W F ′ (u) is defined by means of a Gaussian window function. The proof in [22] of the inclusion W F ′ (u) ⊆ W F (u) is very complicated with all steps written out explicitly. It is based on the ideas of a covering of W F (u) by a finite union of halfplanes of the form H w = {z ∈ R 2d : z, w > 0} for w ∈ S 2d−1 , a conical partition of unity, symplectic invariance, reduction to w = e 1 (the first standard basis vector in R 2d ), and estimates of the STFT defined by a Gaussian window.
In this section we show that there is a much shorter and natural proof which is based on time-frequency analysis, the results of Section 2 and in particular Corollary 2.8. We show W F
On the other hand, from Corollary 2.8, Remark 2.9 and the observation
There exists an open conic set Γ ⊆ T * (R d ) \ {(0, 0)} such that z 0 ∈ Γ and
Let a w (x, D) be the localization operator (cf. [7] )
defined by the symbol b and the window function ψ. Then (cf. [7] and [33, Theorem 24 .1])
⊆ Γ, and b(z) = 1 when z ∈ Γ ′ and |z| ≥ 1. Then a ∈ C ∞ (R 2d ) and we have for any
There exists δ > 0 such that z − u/t ∈ Γ ′ provided z ∈ Γ ′′ , |z| = 1, |u| ≤ δ and t ≥ 1. Moreover, |z − u| ≥ |z| − δ ≥ 1 provided |u| ≤ δ and |z| ≥ 1 + δ. These observations give for z ∈ Γ ′′ and |z| ≥ 1 + δ
Thus z 0 / ∈ char(a). Finally we prove a w (x, D)u ∈ S . Using supp(b) ⊆ Γ, b ≤ 1, the assumption (3.1) and ψ ∈ S , we estimate a Schwartz space seminorm of a w (x, D)u as follows:
for some C α,β < ∞, for all x ∈ R d . Since α, β ∈ N d are arbitrary, it follows that a w (x, D)u ∈ S . Now we have proved that there exists a ∈ G 0 such that a w (x, D)u ∈ S and z 0 / ∈ char(a), i.e. z 0 / ∈ W F (u).
The corollary motivates the abolition of the notations W F ′ (u) and W F (u) in the rest of the paper, in favor of W F G (u), and allows to transfer to W F G (u) all the preceding properties of W F ′ (u) and W F (u).
4.
A wave front set inclusion for symbols in S 0 0,0
Proof. We have (see e.g. [19] ) 
Comparison with the S -wave front set
Coriasco and Maniccia [11] have studied another type of global wave front set called the S -wave front set which is adapted to the SG pseudodifferential calculus. It includes as a component the classical wave front set.
To define the S -wave front set W F S (u) we need some concepts from [11] . For x 0 ∈ R d , we denote by ϕ x 0 a function in C . It can be shown (see [11] ) that the definitions are invariant under a switch of order of the cut-off operators.
The S -wave front set W F S (u) is defined as follows [11] . So in this example the classical wave front set does not identify any singularity, whereas W F S (u) gives finer information than W F G (u).
Example 5.6. Let d = 1, c ∈ R \ {0} and u(x) = e icx 2 /2 , x ∈ R. According to [11, Example 2.7] we have W F ψ (u) = W F e (u) = ∅ and Comparing (5.4) with (5.3) we conclude that W F G (u) gives finer information than W F S (u) for this example.
